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Abstract The stationary phase point (SPP) method is introducedasbtine diffractive scin-
tillation. From weak scattering, where the SPP numet 1, to strong scattering\ >>1),
via transitional scattering regimé&v( ~2, 3), we find that the modulation index of intensity
experiences the monotonically increasing from 0 to 1 withgbattering strength, character-
ized by the ratio of Fresnel scate to diffractive scale q;g-.
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1 INTRODUCTION

As the radio waves propagate in the interstellar medium §ISM diffraction and refraction introduced
by small-scale and large-scale inhomogeneities lead tdldixevariations or scintillations (review see
Rickett, 1977; 1990; 2006). The radio wave interferencegies are seen evolving with time, due to the
motions of source, observer and ISM, which can be explainettims of wave scattering through a
random medium, with the electron density inhomogeneitigiad described by a power-law spectrum,
close to the Kolmogorov spectrum (Armstrong, Rickett & Span1995; Cordes, Weisberg & Boriakoff
1985). As for the characteristic scales responsible fostimtillations, Fresnel length scale is defined by
rp = \/z/k, wherez is the distance between the scattering screen and the eb'sgrlane and: = 27/

is the wave number, and the diffractive scalgy is defined by writing the phase structure function in
the formsD(r) = (r/raig)® for a Kolmogorov spectrum of turbulence (see e.g. Naray&?2X6r a re-
view). In the weak scattering regimey /rqig < 1, the flux variation is interpreted in terms of weak
focussing due to phase curvature on the scattering screscater rr. Whereas, in the strong scattering
regime ¢r/raig >> 1) there are two variation scales, small diffractive sealg and large refractive scale
et = T8 /Taier, caused by interference between the many coherent patthze o4;5 over the scattering
screen. However, in the transitional scattering regimérqiz ~ 1, which is applicable to most intra-day
variable extragalactic radio sources observed at freqestetween 1 and 10 GHz (see, e.g. Walker &
Wardle 1998), the flux variation scale is a little fuzzy besgty, rqi¢, andr,o¢ are very similar, perhaps a
mixing variation scale may be produced. The two time scdlspectrum intensity from the observations of
pulsars reveal variations of minutes to hours as a diffvactintillation (see e.g. Scheuer 1968; Manchester
& Taylor 1977; Lyne & Smith 2005) and days to months as a ré¢ifrascintillation (see, e.g. Rickett 1984
for reviews; Kaspi & Stinebring 1992; Wang et al. 2005).

In the transitional scattering regime, where both geomeptics and wave optics are equally important,
with rq;¢ comparable to, the structures on the scattering screen have a focal leugtiparable to the
distance from the scattering screen, so the role of theicdostissing will effect here.

The paper briefly introduces the unified descriptions of ntetilun index from weak, transitional and
strong scattering by the stationary phase point methodN§PRhich has been previously paid attention
by Gwinn et al. (1998) and recently applied to interpret theapola phenomena occurring in the pulsar
secondary spectrum (Walker et al. 2004).
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Fig.1 The illustration of one dimensional scattering screen.

2 THE STATIONARY PHASE APPROXIMATION

We consider the wavefield from a point source at infinity torlmédent up on a single thin, one-dimensional
scattering screen, as described in Figure 1. For an incidavnefield of unit amplitude the wavefield ob-
served at the central position on the line a distan¢e: = z/k) from the scattering screen is (e.g. Born &

Wolf 1980)
%S 2
u(z) = %r% /_OO dx exp {z (;T% + (b(:v))} . Q)

To solve this we employ the method of stationary phase (eamddl & Wolf P.128), which states that
an integral of the form,

= [ et a, 2)

has an approximation containing contributions from caitipoints inside the boundary of integration
(—00, 00):

F(k 2m S ikg(w;) 3
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wheree; = = e*™/4 s according asg”(z;) > 0 (< 0) for + (-) andz; are the points of stationary phase
which sat|sfy the condition

g'(z;) = 0. 4)
Applying the stationary phase approximation to Equation ¢he hagy(z) = k=1 (¢(x) + 22 /2r3) and
hence

explirg¢® (x;)/2 + ig(z;)]. (5)

N
€j
YUy, = e
g I+ 726" ()]

The mean intensity of the unit amplitude wavé) = 1, is identified as the average value of the
second moment of the amplitudeu*). Adding a subscripfV to denote the number of SPPs, in the SPP
approximation this is

Dy =Y () = (wu) + > (uul) = 1. (6)

ij=1 i=1 i#j=1
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Thus the number of SPP is the maximum integer of N solved frqoaon (6). While considering a statis-
tical model in which each SPP is assumed to come from a disiii, all SPPs are statistically equivalent.
Then, for example(u;u;) may be written aguqu}), and the sum over= 1,... N givesN (ujuj). Only
two independent averages appear in the intensity, and vte thiese as
U = (uaug), Uz = ((u1u3) + (u2ui))/2, @)
so that Equation (6) reduces to
(I)n = NUi1 + N(N = 1)Uz = 1. (8)
Similar to the procedure of treating the intensity, thernsity square is obtained as follows,
(I*) Ny = NUi111 + 4N(N — 1)Us112 + N(N — 1)(Un122 + Un221 + Ur212)
+N(N = 1)(N — 2)(4U1123 + 2U1213) + (N — 1)(N = 2)(N — 3)U1234 , 9)
where the terms, such 85117 andU; 142, are the averaged values of the products of amplitudes aret-ge

ally denoted by,
Ujkim = (GElm) = (ujujuul,), (10)

which satisfies,

(JEIm)* = (kjml) = (mlkj), (11)
so we have/; 120 = Uja21 = Up1Usg = U . Henceforth, the modulation index of diffraction is defined
by

m=+/(I%y —1. (12)
2.1 TheCalculationsof the Intensity in SPP

The power spectrum of the phase inhomogeneifi€s), is assumed to have the following form (see e.g.
Blandford & Narayan 1985; Goodman & Narayan 1985)

Lo, k<1/L
(k) ={ Lo(Lk)™®, 1/L<k<1/l, (13)
0, k>1/1

wheref = 8/3is an index for a Kolmogorov spectrum of turbulence with thhecture constant, andi (L)
is the inner (outer) scale. In addition, we assume the phasaneters to follow the Gaussian distribution
P(vy), wherey represents the phase variabfeg)’, and¢”,

2
P()) = —— exp l—lp—Q] , (14)

21 ?p 2%

whereo, is a standard deviation of the parametecalculated from the spectrum function of Equation (13)
(see Melrose & Watson 2006; Watson & Melrose 2006). Furtloeenthe terms in intensity and intensity
square expressions of Equation (8) and Equation (9) can loalated by an integral of the probability
distribution over the 6 random variables (see Melrose & \W@a006), for instance,

o0 = iy = [ [ [ aoty [Caope [ aoy [ aser [Tay [ aoper

" " —171-/2 P(¢;, dr, I’ / ¢”) . I,
d¢ gy A L exp [iZu] dojdonddiad, . (15)
|1+ 70| |1+TF¢Z|

with
Zi = 12(8° — $1°)/2+ (65 — v (16)

P(oj, bk, 055 Ok 5, Pk) = (¢>j) (6r) P () P(¢}) P(67) P()- (17)
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Fig.2 Modulation index vs. scattering strength/rq;%. The influence by the inner scale of ISM is plotted
as indicated in the Figure.

3 RESULTS AND DISCUSSIONS

The numerical results of the modulation index versus theesgag strengthr /rq;¢ are shown in Figure 2.
We find that the modulation index increases with the scatfesirength continually from the weak scattering
regime, via the transitional scattering regime, to thergjrecattering regime where the modulation index
is fully saturated. The influence by the inner scale on the utaiihn index is studied, and we find that
the increasing of inner scale makes the modulation indexedse a little at the transitional scattering
regime but little effect in the strong scattering regimee Tirends of the modulation index in the weak and
strong scattering regimes are similar to those obtainedhéyapproximated treatments (see. e.g. Narayan
1992; Rickett 1977, 1990), however the SPP method proviaedéscriptions of modulation index at the
transitional scattering. IN = 1, a weak scattering case, we have

m%Ulul/Ufl—l s (18)

from which we can obtain that the modulation index increasis the scattering strength /rq;e, Similar

to the case discussed by Salpeter (1967) (Melrose & Wats@h)2h the transitional scattering the number
N is about 2 or 3 but depends on the choice of inner scal€. # oo, a strong scattering case, we find that
the interchange terms of amplitude products, for instdpikén) with j, k, I, and m being not all same, are

very small and/11; ~ U122 ~ Uia21) ~ 1/N2. Therefore, the following approximation is preserved,

m=I*)Ny =1~ NUjj11+ N(N —1)(Ur120 + Ujo1) — 1 >~ 1, (19)

a fully modulated scintillation, which has been obtained discussed by Gwinn et al. (1998).

Moreover, it is remarked that our computation (1-D screamy gives the small scintillation index
(m <1), which may indicate the validity or error of SPPM in debarg the refractive scintillation at
transitional scattering. In addition, a good example of mmgotation (albeit 2-D) that shows the peak in
modulation indexn(>1) (Goodman & Narayan 2006).
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